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On The Stabilization Of Motion Of Mechanical Systems, Constrained Geometrically Servo Constraints.
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Let the mechanical system, the position of which is determined by the generalized coordinates qj, ...,¢gn, , imposed
geometrically servo constraints [1] of the form

D, (t, Ay, .-, gn)=0, (e=1,...a) 1)
It is assumed that among the possible displacements &q;, have such defined independent equations:
n
> it 0,0, )0 =0, (=10 )
i=1

at which the reactions of second-class work was carried out [1]. Possible moves, satisfying to condition (2) is called
(A) -moves [2].
Bearing in mind the parametrically release of systems from servo constraints [3,4], we introduce additional
independent variables 7, corresponding to the transformation system with servo constraints (1) to the form
D, Qu .. g1, -, 1)=0 ,  (=1,...,a) 3
where 1, ..., 77, — parameters, characterizing the release of system from servo constraints (1). Zero values of 7, and

their derivatives ﬁp corresponds relations (1) and their differentiated forms. For these values can be taken, for
example, the left sides of the equations (1), calculated on the actual motion of the system [3].

Denoting N, coercion reactions, related to the parameters 7,, we assume that the recent forced to change according
to the differential equations [4-7]

i, =N, (=1, ...,a) 4)
Defining works of constraints on motions &7, by expression:
a
2 Ny
p=1

for parametrically releasing systems we have liberated:

n a
A=YR® .55+ >N, -5, ©
i=1 p=1

where Ri(z) - the reaction of constraints of second-class (servo constraints).

Let the mode of action of the reactions of second-class, it follows that (A) -move work reactions of second-class is
equal to zero for non-exempt and exempt parametrically systems. Then for arbitrary coercion reactions work (5)
vanishes under conditions

o1n,=0, (p=1,...q).
Assuming, that equation (1) is solvable for a of n generalized coordinates qs, ...,gn, taking into account the equations
(3) instead of, for example, qy, ...,ga , introduce parameters 7, ..., 7,. Then, equation (2) will have the form

n
> 8 (t. 71,770 Qasa o0 J5%i =0, (B=1.....0) (6)
i=1
where  y, = 1, (ex=1,...,a); Ya+s = Qa+s (5=1,...,n-a).
As is well known [4-7], for such systems the equations of the principle of D'Alembert-Lagrange, can be written as
i d oT oT o by -
N 4 i =
i\ dt oF; Oy

where T - the kinetic energy of the system; Q; - the generalized force, corresponding coordinate y;.
Then it follows from (7) by (A) -moves the equations of motion:
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= Qi+ Y A g (=1 ) (8)

where /191 - the factors of constraints second-class.

Equations (8) to be attached to the equation (4). Thus, we obtain (n + a) equations with the same number of variables.
With the notation

Mo =X o a+p
U (r=1,...,a)
equation (4) will have the form _
X=Ax+BU (9
where
0, 0 E
A=r—1-—|, B=|—2|,
E,' O 0
X=(Xe, . 20) U=U,. U, .

If the system (9) is completely controllable [9], that is, matrix

K={B, 4B, ..., A'B}
has the rank of a, for this system can be supplied various problems of control theory. Bearing in mind the stabilization
of motion with respect to the manifold defined by servo constraints, you can search for the type of coercion

U = le
where K, - a non-zero matrix of dimension (ax2a), that provide stabilization of the trivial solution of the system
X =(4+BKy)x
an appropriate choice of the elements of K, namely, that all the roots of the characteristic equation of the system (10)
have negative real parts [10].
In what follows we need the explicit form of the equations (8). In order not to prolong the records we assume that all
constraints, imposed on the system, are stationary. Then the Kinetic energy liberated parametrically system will have
the form [8]:

12 a n-a
:Ez Z Aap 77p+z Z AgarsoYars +
a=1l p=1 a=1l s=1
+ Z Z Aa+s,a+slqa+SQa+sl
S=1 $,-1

where the coefficients A Aa a+s? Aa+s,a+sl of quadratically forms is a function of 7, ..., 77, Qa+1, ...,¢n and
equation (8) in an epr|C|t form will look like:

1) > Ay, +Z v ansOass +3 S, ay, aliyh, +
p=1

—1 (24} =1

a n—a — —
+3 Y [pats,alipbas+ 3 3 [a+s,a+5y,al ayodars, =Qu +RP,

p=ls=1 s=1s,=1
(=1, ..., a)
a n-an-a
2) Z Aa a+s77a + Z Aa+s a+slqa+sl + Z Z[a + Sl’ a-+ S2 a+ Sha+sl qa+52
a=1 5=1 5=18,=1

+22[a p a+S}7 77(Z+ZZ[a a+sl7a+s] qa+s 770!_ a+S+R((12+)S’

p=la=1 a=1s;=1
(s=1, ...,n-a) (11)
where [p, a+s, ] - Christoffel’s symbols of the first kind [8].
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The motions, performed on a manifold, defined by servo constraints (1) is taken as the unperturbed and all other
motions, performed on a manifold, defined by equations (3) - disturbances.

If the reactions R( ) Rg +)S of servo constraints, to form the according to the laws:

n—an—a
R(Z) = Z Z[a+s a+31’a]OQa+sqa+sl Q Z( ap77p + Kap77p)
—151—1
(=1, ...,a)
R@) nZgjmz(?[a+s a+s I° -Q?
1 2, X +S Qa+51qa+32 Qa+5 (12)
51—152—1
(s=1,...,(n-a)))
the system of equations (11) to the form:
a
1) Z AO + ZAal 770:1 Z ,a+$s qa+s
p=1
a [n-a o . )
+ 2 Z[a+s, p’a] “ass TRep (71p +
p=1{s=1
a |n-a —an— -
+ 2 XA aa+s " ars = ot Z Z[a+81,a+82 0(] “Oass,Yass, +Kap Mp +
p=1{s=1 $1=1s,=1
Xa(ﬂg,ﬁs)zo, (p=1,...,a)
a
2) Z a+aa + ZAa-i-S allp (PR
a=1
a n—-an-a - '
+ Z ZA a+s,a+s; qa+sl + Z Z[a+sl,a+32,a+s] 'Qa+slqa+sz _Qa&s n
p=1{s=1 s1=1s,=1
a na[ ]0 . A0 (2 .2)_0
+ 21 2laats,a+s “Oayts, 770;"'2 atsats  Oars, T Xars Wp:7p)=0,
a=1{5=1
(s=1,...,(n-a); p—I,..., ) (13)

where zero top corresponds to the unperturbed motion:

Ay ~(Ag)yo . Q2 =(Q,) 0 [a+sipal =[a+s.p.al, o

and

0 . . .

[a+sa+s,al’ :{a[a+ sa+ Sl,a]} , Xa(ﬂf)”hz)) Xa+s(77§’77§) - members of the second and higher
p 1p,=0

order terms 7, and 77,,.

Since the kinetic energy of the system can be expressed as a positive definite matrix [8], the sub array is positive
definite. Then from (a + s;) last equations of (13) define qa+sl :

a 1 n—a( a+s,a+ )0 &, o .
Uavs, = . Z A ' _ZAa+S,p'77p_
‘(Aa+s a+sl) ‘ =1 p=l
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a | a o . )
_Z Z[a,a+32,a+3] 'Qa+52 Mo —

a=1 32:1
a |n-a n-a 0 . _ 0
- Z Z ’ Z [a+52’a+53’a+5] 'qa+52qa+53 _Qa+s n
p=1{s,=1 s3=1
—Xais (775 b ) (si=1, ..., (n-a)) (14)

-
where - (A‘,;)Jrsl%s1 ) the transposed matrix; A%">#"°L_ cofactor of the element Aaisars, (@+s1)-th rowand

T
the (a + s) -th column of the determinant of the transposed matrix (Ag 15,45 ) .
Substituting (14) in the first a group and the system of equations (13), we obtain:

a -~ a . a ~ S 2 .2
F)Z_:lAapnp + F)Z_:]-Botpnp + pz_:lcapnp +Xa (np’np): 0(15)

where

SQZt>z

_ A0 S2_1 =1 { 0
P A“p ‘ T Ap a*'31
(A5,
a+s,a+s;

a
o .
+ Z Ap a+s; 7721 + Z Aap 77061'
a]_— O!l:l
n—a o
Z Aa,a+32
~ n-a 0 . s,=1 n—a( a+si,a+sz)°
Bop = > [a+s pal das - ﬁ'z A '
s=1 =1
|(Aa+s a+51) 1

n-a

: Zl[a,a+s3,a+sl]° Gars, + Kop:
S3=

~ n-a n-
Cop Zl Zl[a+sl’a+32’a]p Jars,dars, — Qp+Ku
51=1 $p=
n-a

Z ACO(,a-i-SZ
52:1
Z a S qa+s |( ’

n—-a n-a n-a

3 (Aa+51'a+32)- S Y [a+s;,a+s,,a+5]

-
0 =1 Sq=1 s5,=1
Aa sa+sl) e 3 4

° ° p . i
'qa+s3 'qa+s4 Qa+sl + zlAa+sl,a+53 ) qa+53 '
S3=.

~ n-a 0
Xq =Xq4 _0— Z o a+sz 93 (Aa+51,a+82) 'XOHSZ (16)
|(Aa+s,a+sl ) 525 2=t

Will explore the conditions for stability of the unperturbed motion. With the notations
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77p = va p = Xa+p Pp=1,....a)
equation (14) may be written as:
dx; _
s P+t P X+, XX, ) (=L, m=22) a7
Where
| 0
Eap | 0
A
¢ = @ (18)
————————————— e LS amy
a APy ' a ;&p,aﬂzlc ‘A ‘p:l P
ap=1 I o=l
— _ | _
‘Aap‘ ! ‘Aap‘

From the expressions (16) and (18) we see that, the equation (17) represent a system of differential equations with
variable coefficients. The stability of this system with respect to the manifold defined by servo constraints (1), will
explore the research methods using transient stability systems [9].

We choose the auxiliary system of equations

d—tll =dj1X +dj Xy +...+ iy Xy o (1=1...m=28) (19)

where the functions d; 1, dj 5,....dip (iy =1,..,n; )selected based on the following three cases [10]:
Case 1. There are limits

tlmo piljl (t) = diljl’ (in,j1=1,...,n1)
Case 2. piljl (t) - periodic functions of time of the same period &

1 03 - -
diljl = 9_ I F)iljl (g)dé/ y (I1,11:1,...,nl=2a)
30
Case 3. Fix a point in time t=t,>0 and
diljl = piljl (to)v (i1,j1:],...,}’ll=2a)

In cases 1, 2 and 3 that the roots lil of the characteristic equation
djyp -4 dpp ... d1,nl

dy;  dy ... dyp

of the system (19) satisfy the inequality:
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Re/‘til <=0y, (6:>0; i1=1,...,2a)
When the auxiliary system (19) is selected, the studies were carried out as follows. Ask specific-negative form
2a 2a
( ) Z z Clljl
h=1j;=1
and construct a function
2a 2a

HIEDIDIENR , (20)

h=1j=1
do
(EL =Wk

do
where (— -derivative, evaluated by virtue of (19).
1.16

satisfying the conditions:

The coefficients a of the quadratic form (20) are determined from the system of equations

2a .
Ciljl = Z ( IKdK]]_ ledKIl)’ (|1,11:],...,n1:2a)

It is assumed that the latter system of equations is solvable with respect & j (il h=1.. 2a) to, that is, defect of
the matrix

equal to zero. We compute[d—uj ;
(27)

@_;)(1 i £ a0,

i=1 j,=1 6=1
[ ] 2a 2a
KJl PJl'l d11'1 X'1 X T Iz JZ a'lJl h q)il (t’ X)
1=1j=1

Obviously [9] that, any function ?, (t, X) can be written as:
2a
¢i1 (t, X) == Z hill( (t, X) . XK‘ , (i]_:], ...,n1=2a)
xK=1

therefore

=1 j=1é=1

tay |-P11'1 (t) d11'1J+ iy j, * hle (t,X)+ Ay - 11'1 t X )X|1 X, (21)

http://www.casestudiesjournal.com Page 61




Impact Factor 3.582 Case Studies Journal ISSN (2305-509X) - Volume 4, Issue 3 - March-2015

For the asymptotically stability of the solution x=0 of the system (17), is sufficient, to form variables {Xil XK} in the

right-hand side of (21) was negative definite.
It is known that, certain conditions of positive quadratic forms

>3 W
e X X =——
ilzll(':l Il Il " dt
given the inequalities Sylvester [10]:
Anl > 0, Anl_l >0, .., A;>0, (n=2a) (22
2a

where Anl,...,Al-the principal diagonal minorsHeilK‘l :

: do
So, how €; ;- (Il, Kk=1... ,2a) are variables, then for the negative definite (E , iIn general, insufficient

fulfillment of the conditions (22). Sylvester’s inequalities should be carried out uniformly for all x;, ..., xz,, that is.
should required the inequalities

Anl > Y1 Anl—l > Y1r e Al > 71 (}/1>0 ;n1=2a) (23)

Conditions (22) and (23) expressed the conditions for the asymptotically stability of the system (17).
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